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Abstract
In this paper, we introduce the concept of filter on IL-algebra. It is proved that this
concept generalizes the notion of filter on Residuated Lattices. Prime filters on IL-algebra
are defined and few interesting properties are obtained. It has been shown that quotient
algebra corresponding to IL-algebra is formed with the help of filters also an IL-algebra.
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1 Introduction
Filter theory plays important role in the study of algebraic structures and associated logics, in
some cases[1]. Recently, various researchers work on filters of various algebraic structures. P.
Ha´jek introduced the concept of BL-algebra and also introduced the concept of filter on BL-
algebra[2]. After that many authors contributed on various types of filters of BL-algebra[3, 4, 5,
6, 7, 8, 9, 10, 11]. Filters on other algebraic structures are also available in literature[12].
Intuitionistic Linear Algebra (IL-algebra, in short) was introduced by A. Troelstra[13] as
an algebraic counterpart of linear logic[14]. IL-algebra can be found as FLe-algebra in [15].
Various properties of IL-algebra are studied in [16, 17]. Filters on IL-algebra are not available in
literature. In this paper, we introduce the concept of filters on IL-algebra. Properties of filters
on IL-algebra are studied here.
In the next section, definition of IL-algebra is given. Properties and examples of IL-algebra
are also discussed in this section. In section 3, filter on IL-algebra is introduced. Properties of
filters on IL-algebra are obtained in this section. With the help of filter, we define a congruence
relation on an arbitrary IL-algebra and prove that the corresponding quotient algebra is also
an IL-algebra with respect to suitable operations. Some special type of filters on IL-algebra are
discussed in Section 4.
2 Intuitionistic Linear Algebra
Definition 2.1. Let L be a non empty set. An intuitionistic linear algebra (IL-algebra, in
short)[13] is an algebraic system L = (L,∪,∩,⊥,→, ∗, 1) which satisfies the following conditions:
• (L,∪,∩,⊥) is a lattice with least element ⊥.
• (L, ∗, 1) is a commutative monoid with unit 1.
• for any x, y, z ∈ L , x ∗ y ≤ z if and only if x ≤ y → z. [residuation property]
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Theorem 2.2. In every IL-algebra L, the following results hold for all x, y, x1, y1, z ∈ L. [13,
16, 17]
1. x∗(y∪z) = (x∗y)∪(x∗z) and moreover, if the join
⋃
i∈I
yi exists, then x∗
⋃
i∈I
yi =
⋃
i∈I
(x∗yi).
2. ⊥ → ⊥ is the largest element of L and is denoted by ⊤.
3. If x, y ≤ 1 then x ∗ y ≤ x ∩ y.
4. 1 ≤ x, y then x ∪ y ≤ x ∗ y.
5. (x→ y) ∗ (y → z) ≤ (x→ z).
6. 1→ x = x.
7. If x ≤ x1, y ≤ y1 then x ∗ y ≤ x1 ∗ y1 and x1 → y ≤ x→ y1.
8. x→ (y → z) = (x ∗ y)→ z.
9. x ∗ (x→ y) ≤ y.
10. 1 ≤ x→ x.
Example 2.3. Example of an IL-algebra. Let, X = {⊥, b, c, d, 1,⊤}. Lattice ordering, ∗ and →
tables are the following
⊤
d1c
b
⊥
∗ ⊥ b c d 1 ⊤
⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥
b ⊥ ⊥ b b b b
c ⊥ b c c c c
d ⊥ b c 1 d ⊤
1 ⊥ b c d 1 ⊤
⊤ ⊥ b c ⊤ ⊤ ⊤
→ ⊥ b c d 1 ⊤
⊥ ⊤ ⊤ ⊤ ⊤ ⊤ ⊤
b b ⊤ ⊤ ⊤ ⊤ ⊤
c ⊥ b ⊤ b b ⊤
d ⊥ b c 1 d 1
1 ⊥ b c d 1 ⊤
⊤ ⊥ b c b b ⊤
Then, (L, ∗,∪,∩,→, 1,⊤) is an IL-algebra.
Example 2.4. Example of an IL-algebra where strict inequality of the property x ∪ y ≤ x ∗ y,
for 1 ≤ x, y holds.
Let, L = {⊥, b, c, d, 1,⊤}. Lattice ordering, ∗ and → tables are the following
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⊤d
c
b
1
⊥
∗ ⊥ b c d 1 ⊤
⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥
b ⊥ ⊤ ⊤ ⊤ b ⊤
c ⊥ ⊤ ⊤ ⊤ c ⊤
d ⊥ ⊤ ⊤ ⊤ d ⊤
1 ⊥ b c d 1 ⊤
⊤ ⊥ ⊤ ⊤ ⊤ ⊤ ⊤
→ ⊥ b c d 1 ⊤
⊥ ⊤ ⊤ ⊤ ⊤ ⊤ ⊤
b ⊥ 1 1 1 ⊥ ⊤
c ⊥ ⊥ 1 1 ⊥ ⊤
d ⊥ ⊥ ⊥ 1 ⊥ ⊤
1 ⊥ b c d 1 ⊤
⊤ ⊥ ⊥ ⊥ ⊥ ⊥ ⊤
In this example, we can see that c ∗ d = ⊤ but c ∪ d = d.
3 Filters
In the second example of the previous section, we noticed that there are x, y ≥ 1 for which
x ∩ y  x ∗ y holds. It motivates us to define filter on IL-algebra in the following manner.
Definition 3.1. Let L be an IL-algebra. A non-empty subset F of L is said to be a filter if the
following are satisfied
1. 1 ∈ F
2. If x, y ∈ F then x ∗ y ∈ F and x ∩ y ∈ F
3. If x ∈ F and x ≤ y then y ∈ F
Note 3.2. It may be noted that usually x ∩ y ∈ F , for x, y ∈ F is not taken in the definition of
filter for other known algebraic structures like Residuated Lattice, BL-algebra. In these algebraic
structures x ∗ y ≤ x ∩ y for all x, y and so x ∗ y ∈ F implies x ∩ y ∈ F . As the property
x∗ y ≤ x∩y for all x, y is not available in IL-algebra, we have to take it in the definition of filter
for IL-algebra.
Example 3.3. Let F = {1, b, c, d,⊤} in Example 2.4. Then F is a filter in L.
Proposition 3.4. Let, F be a filter on an IL-algebra L. If x ≤ y then x→ y ∈ F .
Proof. x ≤ y implies 1 ≤ (x→ y).
So, x→ y ∈ F .
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Let F be a filter of an IL-algebra L. We define a binary relation ρ on L by xρy holds if and
only if x→ y ∈ F and y → x ∈ F . It can be checked that ρ is a congruence relation on L. The
set of all congruence classes is denoted by L/F i.e.,
L/F = {[x] : x ∈ L} where [x] = {y ∈ L : xρy}.
Now we define ∩,∪,→, ∗, on L/F by [x][y] = [xy] where  ∈ {∩,∪,→, ∗}.
Now, [⊥] = {x ∈ L : x→ ⊥ ∈ F,⊥ → x ∈ F} = {x ∈ L : x→ ⊥ ∈ F} by Proposition 3.4.
Similarly, by Proposition 3.4, [⊤] = {x ∈ L : ⊤ → x ∈ F} and by Proposition 3.4 and Theorem
2.2.6, we get [1] = {x ∈ F : x→ 1 ∈ F}.
Proposition 3.5. [x] ≤ [y] if and only if x→ y ∈ F .
Proof. Let [x] ≤ [y]. So, [x] ∩ [y] = [x]. Thus x→ (x ∩ y) ∈ F . As x ∩ y ≤ y, (x ∩ y)→ y ∈ F .
Then (x→ (x ∩ y)) ∗ ((x ∩ y)→ y) ∈ F .
From Theorem 2.2.5, we get (x→ (x ∩ y)) ∗ ((x ∩ y)→ y) ≤ x→ y. Therefore x→ y ∈ F .
Conversely, let x→ y ∈ F . We want to show that [x ∩ y] = [x].
Since x ∩ y ≤ x therefore x ∩ y → x ∈ F .
Again 1 ≤ x→ x and x→ y ∈ F so (x→ x) ∩ (x→ y) ∈ F .
x ∗ ((x→ x) ∩ (x→ y)) ≤ x ∗ (x→ x) ≤ x and
x ∗ ((x→ x) ∩ (x→ y)) ≤ x ∗ (x→ y) ≤ y.
Thus x ∗ ((x→ x) ∩ (x→ y)) ≤ x ∩ y.
Hence by residuation property, (x→ x) ∩ (x→ y) ≤ x→ x ∩ y.
Therefore x→ (x ∩ y) ∈ F . So, [x] ≤ [y].
Lemma 3.6. In an IL-algebra L, (z → x) ∩ (z → y) = z → (x ∩ y) for all x, y, z ∈ L.
Proof. As x ∩ y ≤ x, y, by Theorem 2.2.7, we get z → (x ∩ y) ≤ z → x, z → y.
Therefore z → (x ∩ y) ≤ (z → x) ∩ (z → y).
Now z ∗ ((z → x) ∩ (z → y)) ≤ z ∗ (z → x) ≤ x.
Similarly, z ∗ ((z → x) ∩ (z → y)) ≤ y.
So z ∗ ((z → x) ∩ (z → y)) ≤ x ∩ y.
Then by residuation property, we get (z → x) ∩ (z → y) ≤ z → (x ∩ y).
Hence (z → x) ∩ (z → y) = z → (x ∩ y).
Lemma 3.7. In an IL-algebra L, (x→ z) ∩ (y → z) = (x ∪ y)→ z for all x, y, z ∈ L.
Proof. As x, y ≤ x ∪ y, by Theorem 2.2.7, we get (x ∪ y)→ z ≤ x→ z, y → z.
Therefore (x ∪ y)→ z ≤ (x→ z) ∩ (y → z).
Now x ∗ ((x→ z) ∩ (y → z)) ≤ x ∗ (x→ z) ≤ z.
Similarly, y ∗ ((x→ z) ∩ (y → z)) ≤ z.
So (x ∗ ((x→ z) ∩ (y → z))) ∪ (y ∗ ((x→ z) ∩ (y → z))) ≤ z.
By Theorem 2.2.1, ((x → z) ∩ (y → z)) ∗ (x ∪ y) ≤ z Then by residuation property, we get
(x→ z) ∩ (y → z) ≤ (x ∪ y)→ z.
Hence (x→ z) ∩ (y → z) = (x ∪ y)→ z.
Proposition 3.8. L/F is closed under , where  ∈ {∩,∪,→, ∗}.
Proof. • We first show that L/F is closed under ∩.
Let x1 ∈ [x], y1 ∈ [y].
We shall show that [x1]∩ [y1] = [x]∩ [y] i.e., [x1 ∩ y1] = [x∩ y]. Thus we have to show that
(x ∩ y)→ (x1 ∩ y1) and (x1 ∩ y1)→ (x ∩ y) both are in F .
By assumption x→ x1, x1 → x, y → y1, y1 → y ∈ F .
Now by Theorem 2.2.7, x→ x1 ≤ (x ∩ y)→ x1. Then (x ∩ y)→ x1 ∈ F .
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Similarly (x∩y)→ y1 ∈ F . Then by definition of a filter, ((x∩y)→ x1)∩((x∩y)→ y1) ∈ F .
Therefore (x ∩ y)→ (x1 ∩ y1) ∈ F , by Lemma 3.6.
Similarly by changing the roles of x, y with x1, y1 respectively we get (x1∩y1)→ (x∩y) ∈ F .
Thus [x1 ∩ y1] = [x ∩ y].
• Now we show that L/F is closed under ∪.
Let x1 ∈ [x], y1 ∈ [y].
We shall show that [x1]∪ [y1] = [x]∪ [y] i.e., [x1 ∪ y1] = [x∪ y]. Thus we have to show that
(x ∪ y)→ (x1 ∪ y1) and (x1 ∪ y1)→ (x ∪ y) both are in F .
By assumption x→ x1, x1 → x, y → y1, y1 → y ∈ F .
Now by Theorem 2.2.7, x1 → x ≤ x1 → (x ∪ y). Then x1 → (x ∪ y) ∈ F .
Similarly y1 → (x∪y) ∈ F . Then by definition of a filter, (x1 → (x∪y))∩(y1 → (x∪y)) ∈ F .
Therefore (x1 ∪ y1)→ (x ∪ y) ∈ F , by Lemma 3.7.
Similarly by changing the roles of x, y with x1, y1 respectively we get (x∪y)→ (x1∪y1) ∈ F .
Thus [x1 ∪ y1] = [x ∪ y].
• Now we show that L/F is closed under →.
Let x1 ∈ [x], y1 ∈ [y].
We shall show that [x1]→ [y1] = [x]→ [y] i.e., [x1 → y1] = [x→ y]. Thus we have to show
that (x→ y)→ (x1 → y1) and (x1 → y1)→ (x→ y) both are in F .
By assumption x→ x1, x1 → x, y → y1, y1 → y ∈ F .
Then by definition of a filter, (x1 → x) ∗ (y → y1) ∈ F .
Now by Theorem 2.2.9, x1 ∗ (x→ y) ∗ (x1 → x) ∗ (y → y1) ≤ y1
By Residuation property, (x1 → x)∗(y → y1) ≤ (x→ y)∗(x1 → y1). Then (x→ y)∗(x1 →
y1) ∈ F .
Similarly by changing the roles of x, y with x1, y1 respectively we get (x1 → y1) → (x →
y) ∈ F . Thus [x1 → y1] = [x→ y].
• Now we show that L/F is closed under ∗.
Let x1 ∈ [x], y1 ∈ [y].
We shall show that [x1] ∗ [y1] = [x] ∗ [y] i.e., [x1 ∗ y1] = [x ∗ y]. Thus we have to show that
(x ∗ y)→ (x1 ∗ y1) and (x1 ∗ y1)→ (x ∗ y) both are in F .
By assumption x→ x1, x1 → x, y → y1, y1 → y ∈ F .
Then by definition of a filter, (x→ x1) ∗ (y → y1) ∈ F .
Now by Theorem 2.2.9, x ∗ y ∗ (x→ x1) ∗ (y → y1) ≤ x1 ∗ y1
By Residuation property, (x → x1) ∗ (y → y1) ≤ (x ∗ y) → (x1 ∗ y1). Then (x ∗ y) →
(x1 ∗ y1) ∈ F .
Similarly by changing the roles of x, y with x1, y1 respectively we get (x1∗y1)→ (x∗y) ∈ F .
Thus [x1 ∗ y1] = [x ∗ y].
So, we can see that L/F is closed under the operations.
Theorem 3.9. (L/F,∩,∪, ∗,→, [⊥], [1]) is an IL-algebra with respect to the operations defined
by
[x] ∪ [y] = [x ∪ y]
[x] ∩ [y] = [x ∩ y]
[x] ∗ [y] = [x ∗ y]
[x]→ [y] = [x→ y]
Proof. It is obvious that (L/F,∩,∪) is a bounded lattice with least element [⊥] and (L/F, ∗, [1])
is a commutative monoid with identity [1].
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Let [x], [y], [z] ∈ L/F be such that [x] ∗ [y] ≤ [z]. So, [x ∗ y] ≤ [z]. Then by Proposition 3.5,
x ∗ y → z ∈ F . Again by Theorem 2.2.8, (x ∗ y) → z ≤ x → (y → z). So we can derive that
x→ (y → z) ∈ F . Thus by Proposition 3.5, we get [x] ≤ [y → z].
Conversely, let x → (y → z) ∈ F . Now (x → (y → z)) ∗ x ∗ y ≤ (y → z) ∗ y ≤ z, by Theorem
2.2.9. So, by residuation property, x→ (y → z) ≤ (x ∗ y)→ z.
Hence (L/F,∩,∪, ∗,→, [⊥], [1]) is an IL-algebra.
Theorem 3.10. If F = {x ∈ L : 1 ≤ x} then [x] = {x}.
Proof. Let x ∈ L.
Assume that y ∈ [x]. then x→ y and x→ y both are in F .
Then by construction of F , 1 ≤ x→ y and 1 ≤ y → x. So, x ≤ y and y ≤ x.
Then by combining these two, we get x = y.
4 Special types of filters
Definition 4.1. A filter F of an IL-algebra L is said to be distributive if
((x ∪ y) ∩ (x ∪ z))→ (x ∪ (y ∩ z)) ∈ F for all x, y, z ∈ L.
Example 4.2. Let F = {1, b, c, d,⊤} in Example 2.4. Then F is a distributive filter in L.
Example 4.3. Let, X = {⊥, a, b, 1,⊤}. Lattice ordering, ∗ and → tables are the following
⊤
1
a
b
⊥
∗ ⊥ a b 1 ⊤
⊥ ⊥ ⊥ ⊥ ⊥ ⊥
a ⊥ ⊤ ⊤ 1 ⊤
b ⊥ ⊤ ⊤ b ⊤
1 ⊥ a b 1 ⊤
⊤ ⊥ ⊤ ⊤ ⊤ ⊤
→ ⊥ a b 1 ⊤
⊥ ⊤ ⊤ ⊤ ⊤ ⊤
a ⊥ 1 ⊥ ⊥ ⊤
b ⊥ ⊥ 1 ⊥ ⊤
1 ⊥ a b 1 ⊤
⊤ ⊥ ⊥ ⊥ ⊥ ⊤
Then, (L, ∗,∪,∩,→, 1,⊤) is an IL-algebra.
In this example, if we take F = {1, a,⊤}
We can see, ((1∪a)∩ (1∪ b)) → (1∪ (a∩ b)) = ⊥, which is not in F , then F is not a distributive
filter.
Theorem 4.4. If F be a distributive filter in an IL-algebra L then L/F is distributive.
Proof. We know that x ∪ (y ∩ z) ≤ x ∪ y, x ∪ z. Hence x ∪ (y ∩ z) ≤ (x ∪ y) ∩ (x ∪ z) and so
x∪(y∩z)→ (x∪y)∩(x∪z) ∈ F . Therefore by Proposition 3.5, [x]∪([y]∩[z]) ≤ ([x]∪[y])∩([x]∪[z]).
On the other hand, from the definition of distributive filter and from Proposition 3.5, we have
([x] ∪ [y]) ∩ ([x] ∪ [z]) ≤ [x] ∪ ([y] ∩ [z]). Hence L/F is distributive.
Definition 4.5. A filter F of an IL-algebra L is said to be prime if for any x, y ∈ L, x→ y ∈ F
or y → x ∈ F .
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Example 4.6. In Example 2.4, if F = {b, c, d, 1,⊤}, then F is a prime filter.
Example 4.7. In Example 2.3, if we take F = {1,⊤}
We can see, both c→ d and d→ c are not in F , then F is not a prime filter.
From the definition of prime filter and Proposition 3.5, it follows that
Theorem 4.8. If F be a prime filter, then L/F is linear.
Definition 4.9. A filter F of an IL-algebra L is said to be maximal filter if it is not contained
in other proper filters of L.
Example 4.10. Let, L = {⊥, a, b, c, 1,⊤}. Lattice ordering, ∗ and → tables are the following
⊤
1
c
b
a
⊥
∗ ⊥ a b c 1 ⊤
⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥
a ⊥ ⊤ ⊤ ⊤ b ⊤
b ⊥ a b b b b
c ⊥ a b c c ⊤
1 ⊥ a b c 1 ⊤
⊤ ⊥ a b ⊤ ⊤ ⊤
∗ ⊥ a b c 1 ⊤
⊥ ⊤ ⊤ ⊤ ⊤ ⊤ ⊤
a a ⊤ ⊤ ⊤ ⊤ ⊤
b ⊥ a ⊤ ⊤ ⊤ ⊤
c ⊥ a b 1 1 ⊤
1 ⊥ a b c 1 ⊤
⊤ ⊥ a b b b ⊤
Then, (L, ∗,∪,∩,→, 1,⊤) is an IL-algebra.
In this example, F3 = {b, c, 1,⊤} is a maximal filter. But, F1 = {1,⊤}, F2 = {c, 1,⊤} are not
maximal filters, as both F1 and F2 are contained in the proper filter F3.
Example 4.11. Let, L = {⊥, a, b, c, d, 1,⊤}. Lattice ordering, ∗ and → tables are the following
⊤
1
a cb
d
⊥
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∗ ⊥ a b c d 1 ⊤
⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥
a ⊥ a d c d a ⊤
b ⊥ d b c d b ⊤
c ⊥ c c d c c ⊤
d ⊥ d d c d d ⊤
1 ⊥ a b c d 1 ⊤
⊤ ⊥ ⊤ ⊤ ⊤ ⊤ ⊤ ⊤
→ ⊥ a b c d 1 ⊤
⊥ ⊤ ⊤ ⊤ ⊤ ⊤ ⊤ ⊤
a ⊥ 1 b c b 1 ⊤
b ⊥ a 1 c a 1 ⊤
c ⊥ c c 1 c 1 ⊤
d ⊥ 1 1 c 1 1 ⊤
1 ⊥ a b c d 1 ⊤
⊤ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊤
Then, (L, ∗,∪,∩,→, 1,⊤) is an IL-algebra.
In this example, F4 = {a, b, d, 1,⊤} is a maximal filter. But, F1 = {1,⊤}, F2 = {a, 1,⊤},
F3 = {b, 1,⊤} are not maximal filters, as F1, F2 and F3 are contained in the proper filter F4.
Definition 4.12. Let L be an IL-algebra. A non-empty subset F of L is said to be an implicative
filter if
• 1 ∈ F
• If x→ (y → z) ∈ F and x→ y ∈ F then x→ z ∈ F .
Example 4.13. In Example 2.4, F = {b, c, d, 1,⊤} is an implicative filter.
Example 4.14. In Example 4.3, if we take F3 = {b, c, 1,⊤}
We can see, a→ (a→ ⊥) ∈ F3 and a→ ⊥ ∈ F3, but a→ ⊥ /∈ F3, then F3 is not an implicative
filter.
Similarly, in Example 4.11, if we take F4 = {a, b, d, 1,⊤}
We can see, c → (c → 1) ∈ F4 and c → c ∈ F4, but c → 1 /∈ F4, then F4 is not an implicative
filter.
Proposition 4.15. If every element of an IL-algebra L is idempotent and F be a filter in L,
then F is an implicative filter.
Proof. Since F is filter, 1 ∈ F . Let for all x, y, z ∈ L, x→ (y → z) ∈ F and x→ y ∈ F .
Thus (x→ (y → z)) ∗ (x→ y) ∈ F .
Now by Theorem 2.2.9, x ∗ (x→ y) ≤ y and x ∗ (x→ (y → z)) ≤ y → z.
Hence by Theorem 2.2.7 and 2.2.9, x ∗ x ∗ (x→ y) ∗ (x→ (y → z)) ≤ y ∗ (y → z) ≤ z.
So, by residuation property, (x→ y) ∗ (x→ (y → z)) ≤ x→ z (as x ∗ x = x).
Thus x→ z ∈ F .
Note: Converse of the above theorem is not true. As we can see in example 2.4, F =
{b, c, d, 1,⊤} is an implicative filter. But, all elements of this IL-algebra L are not idempotent.
Definition 4.16. An algebraic structure L = (L,∪,∩, 0,→, ∗, 1) is said to be a residuated lattice
if
• (L,∪,∩, 0, 1) is a bounded lattice.
• (L, ∗, 1) is a commutative monoid.
• for any x, y, z ∈ L , x ∗ y ≤ z if and only if x ≤ y → z.
Proposition 4.17. In an IL-algebra L, x ∗ y ≤ x if and only if ⊤ = 1 for all x, y ∈ L
Proof. Let x ∗ y ≤ x. Now x = x ∗ 1 ≤ x ∗ ⊤ ≤ x. So x ∗ ⊤ = x. Thus 1 ∗ ⊤ = 1 or ⊤ = 1.
Conversely, assume that ⊤ = 1. Now y ≤ ⊤ or x ∗ y ≤ x ∗ ⊤ = x.
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Note 4.18. From the Proposition 4.17, it follows that an IL-algebra L satisfying x ∗ y ≤ x for
all x, y ∈ L (or equivalently ⊤ = 1) is a residuated lattice.
If we consider ⊤ = 1 in an IL-algebra, then by theorem 2.2.3, the condition ‘x ∩ y ∈ F for all
x, y ∈ F ’ of the definition of filter F on IL-algebra becomes redundant. Thus the concept of filter
on IL-algebra generalizes the notion of filter on Residuated Lattice.
Definition 4.19. A filter F of an IL-algebra is called an affine filter if and only if ⊤ → 1 ∈ F .
Example 4.20. In Example 4.10, ⊤ → 1 = b, so that makes F3 = {b, c, 1,⊤} an affine filter.
Whereas, both F1 = {1,⊤} and F2 = {c, 1,⊤} are not affine filters.
Theorem 4.21. Let F be an affine filter in an IL-algebra L, then L/F is a residuated lattice.
Proof. In any IL-algebra 1 ≤ ⊤ implies 1→ ⊤ ∈ F . Again by definition of affine filter ⊤ → 1 ∈ F ,
then by definition of equivalence classes defined earlier, [1] = [⊤].
Hence L/F is a residuated lattice.
5 Conclusion
We introduce the concept of filters on IL-algebra in this paper. Some other algebraic structures
closely related to IL-algebra, namely ILZ-algebra, CL-algebra, are not considered here. Filters
on these structures may be taken into consideration in future. Further properties on filters of
IL-algebra may also be investigated. This paper is a first step in this new area of research. It
will open scope of work on multiple areas, study of filters on algebraic structures related with
linear logic, reflection of algebraic results based on filters in corresponding logic and many more.
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